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Executive summary

The values of driver variables at which thresholds and regime shifts occur, and
even their presence or detectability, depend on the scale at which natural sys-
tems are observed or modelled. In this report we consider by means of particu-
lar model examples two kinds of aggregation processes involving description at
a larger scale, and observe how threshold phenomena become modified. Spa-
tial aggregation is illustrated within a model of lake eutrophication, and variable
aggregation is performed in a model with several competing primary producers.
Although it is not easy to extract general conclusions, one of them seems to be that
clear thresholds and nonlinear dynamics are less likely to be observed in aggre-
gated descriptions, involving the average of many variables, than in more detailed
ones.



THRESHOLDS DELIVERABLE D2.1.2

1 Introduction

Understanding the effects of the aggregation of variables is one of the fundamental
problems in ecological modelling. In fact, deciding which variables to investigate
is one of the first steps either in experimental or in theoretical scientific work. This
choice in the level of description will necessarily have an impact in the evaluation
of thresholds and points of non-return which are the focus of the THRESHOLDS
integrated project. The aim of this report is to investigate variations on threshold
behavior induced by changes in the aggregation level of the variables studied.

Two conceptually different modes of aggregation are considered here: spatial
aggregation and aggregation of variables. The first one is illustrated in Figs. 1
and 2 (from Pascual and Levin (1999)).

Figure 1: Spatial configuration of a predator-prey system interacting on a square lattice. Black
points are predators and white are prey.

Figure 1 shows a snapshot of the configuration of a spatially explicit predator-
prey model in which the organisms move in a two-dimensional square lattice (Pas-
cual and Levin, 1999). A common variable to characterize the dynamics is to use
a density, i.e. the number of organism in a given area, and then the issue of choos-
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Figure 2: Prey densities from a predator-prey model at different scales (Pascual and Levin,
1999). Top is the density in a particular 8 x 8 spatial window, middle in a 64 x 64 window, and
bottom in one of size 700 x 700 (which is the full system size).

ing the relevant elementary area arises. We shall not discuss whether or not a
‘correct’ or ‘optimal’area size exist, nor the criteria to choose it (see for example
Pascual and Levin (1999) or Pascual et al. (2001)), but we will show examples of
the different threshold behavior observed when different choices are made. Fig-
ure 2 displays the temporal dynamics of the density defined at different scales,
a small area in the top plot, the whole system in the bottom one, and an area of
intermediate size in the middle one. At small scales dynamics appears quite irreg-
ular and intermittent. Noisy but clear oscillations with a well defined frequency
are observed at intermediate scales. When increasing further the observation scale
oscillation amplitude decreases until being barely observable when the descriptive
variable averages information from the whole system (bottom plot).

The second mode of aggregation, ecosystem description by (nonspatially) ag-
gregated variables, is illustrated in Fig. 3. A complex ecosystem may be repre-
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sented by the individual taxonomic species (Figure 3, left), or by a much simpli-
fied representation such as the one in the right part of the figure, in which nodes
represent groups of species sharing approximately the same trophic level and po-
sition. Other representations would describe the ecosystem in terms of trophic
species, i.e. functional groups that contain organisms that appear to eat and be
eaten by the exact same species within a food web (Cohen and Briand, 1984).
Other examples are the definition of functional groups in communities (Hay, 1994;
Steneck and Dethier, 1994), trophic levels in food webs (Armstrong, 1994), and
demographic classes in populations (Caswell and Hohn, 1992). It is likely that a
simplified representation will miss some of the threshold phenomena which can be
present in the detailed one, as the replacement of one species by other pertaining
to the same functional group. Also, oscillations and fluctuations will be less evi-
dent or even absent in the aggregated description. We note that even the ‘detailed’
food web structure on the left part of Fig. 3 is already a coarse representation of
nature, as the data used to build it were collected from 24 different locations (see
http://foodwebs.org/GrassTrophicWebInfo.html), which are not
distinguished in the plot. Also, biological species consists finally in a number of
individuals, which are not explicit in any of the representations in Fig. 3.

() Top predators

O O Consumers

. . Producers

Figure 3: Example of variable aggregation in a food web. Left: UK Grassland foodweb (from
http://foodwebs.org). Red spheres represent primary producers and detritus, and orange
and yellow are consumers and predators. The links represent trophic links. Right: a very simplified
representation in which the whole ecosystem description is reduced to two primary producers, two
consumers, and one top predator.

The motivation for proposing the present deliverable was the recent develop-
ment of recent techniques, relatively simple and general, that allowed to map the
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bifurcation behavior of large scale variables from the behavior of the individual
components (de Monte et al., 2004; Tessone et al., 2006, 2007). The aim was
to analyze these techniques and apply them to ecosystem models relevant in the
context of the THRESHOLDS Integrated Project. It turned out however that, al-
though of a quite general character, these novel methodologies were devised for
dynamical systems with some characteristics that make them quite different from
the most relevant to the Integrated Project: on the one hand, global coupling and
a high degree of symmetry (i.e. all individuals interact with all the others and
in the same way) is assumed, and on the other a kind of cooperative coupling is
used, which leads to synchronization phenomena. The antagonistic interactions
more common in ecology (e.g. predator-prey, or parasite-host) do not fit into the
above framework. As a consequence the results presented here are of a nature
more specific than expected.

We divide the report in two main sections. In Sect. 2 we further motivate
the study of spatial effects on threshold behavior, and then illustrate them on the
model developed by Carpenter et al. (1999) to manage lake eutrophication. Our
interest is not to reach conclusions or prediction on particular aquatic ecosystems,
but to show examples of the changes in thresholds that occur when spatial effects
are taken into account and how they depend on observation scale (Subsect. 2.1).
Subsect. 2.2 discusses the related issue of system size and noise effects. In Sect.
3 we describe a very simple Volterra-type dynamics involving one predator or
consumer, and several prey or primary producers. This will provide the framework
in which we show examples of changes in threshold behavior when aggregating
the prey variables into a single class. We present the analytic estimation of a
particular extinction threshold (Subsect. 3.1) and a full numerical simulation of
the system fate under different parameter sets (Subsect. 3.2). In the final section
we compile our conclusions.

2 Thresholds and spatial scale

Individual based models which follow the fate of each organism in a model ecosys-
tem are becoming increasingly popular, as the individual is both a fundamental
ecological unit and also a natural scale for taking measurements. But prediction
from this kind of models is hindered by the large amount of parameters they in-
clude, and by the difficulty in obtaining results by means other than computer
simulations. Therefore most of thresholds and regime change model studies have
been done in terms of models that either completely neglect any spatial inho-
mogeneities of the system considered (the organisms are then considered to be
‘well mixed’) or they consider variables representing spatial averages of individ-
ual characteristics in some more or less small region. The large span of scales



THRESHOLDS DELIVERABLE D2.1.2

between the individual level and the size of a large ecosystem makes the problem
of spatial pattern and scale one of the fundamental issues in ecological thinking
(Levin, 1992).

Strongly associated with questions on spatial scale, there are at least two other
important phenomena: noise and transport. Individual based systems are usu-
ally of stochastic type, reflecting the fundamental unpredictability of the detailed
behavior of individual organism. When describing the system in terms of spa-
tial averages most of the stochastic fluctuations get smoothed (see for example
Fig. 2), but they never disappear completely and, more importantly, their pres-
ence at the small scales may have a qualitative impact even on averaged macro-
scopic variables (Pascual et al., 2001). Thus, noise effects should be taken into
account when discussing the spatial scaling behavior of thresholds (Guttal and
Jayaprakash, 2006). The origin of noise may not be restricted to demographic
fluctuations at the microscale: climatic and other environmental fluctuations are
always present in any ecosystem. This leads to parameter inhomogeneity and
variability, which can also be modelled as adequate noise terms in the governing
equations.

On the other hand, the fact that real ecosystems are usually spatially inhomo-
geneous implies the relevance of transport processes among the different regions
of the system. Many ecosystems consist of patches of habitats and some key-
stone organisms (the mobile link organism, see Gilbert (1980) or Lundberg and
Moberg (2003)) actively move between them. Random motion of individuals can
be modelled as a diffusion process at larger scales. This is but another example of
a microscopic noisy process —individual random walks— producing a determinis-
tic and important effect at large scales: the smoothing processes of macroscopic
densities which is called diffusion. Other types of individual dispersal (e.g. Lévy
flights) lead to different macroscopic behavior (e.g. superdiffusion, Viswanathan
et al. (1996), Nathan et al. (2002)). In addition to diffusion and diffusion-type
dispersal, fluid flow is a transport processes which strongly influences biological
dynamics (Herndndez-Garcia et al., 2003; Peters and Marrasé, 2000).

2.1 An eutrophication model at different scales
2.1.1 The model and its behavior

In order to illustrate the join effect of spatial extension, transport and noise at
diverse scales, we consider the following extension of the model by Carpenter
et al. (1999) describing phosphorous cycling in stratified lakes:

oP P 0?P
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Figure 4: The recycling function R(P) (Eq. (2)) of Carpenter et al. (1999) for several values of
the exponent q. For large ¢ there is a large increase of phosphorous recycling towards the water
column when P 2 K.

P = P(x,t) is the phosphorous density in the water column at time ¢ and
location x of a one-dimensional aquatic system (extending from z = 0 to z = L).
F is the rate of phosphorous input into the system (nutrient load), s is the inverse
time scale describing the rate at which phosphorous is removed from the water
column, both by escape from the aquatic system and by incorporation into the
sediments. The third term contains the function

P

R(P) = o —pa -

2)
which is displayed in Fig. 4. It models the recycling of phosphorous from the
sediments back into the water. There is a sharp increase of this recycling when the
ambient concentration exceeds a particular value K, related to the phosphorous
concentration at which the aquatic system becomes anoxic. The exponent ¢ con-
trols how steep this increase is. r sets the maximum amount of recycling. Finally,
there is diffusive transport of phosphorous along the spatial extent of the system,
characterized by the effective diffusion coefficient D. The model by Carpenter
et al. (1999) has been studied by many authors, since it is a classical example
of a simple mechanism dealing to bistable behavior and regime shift: for small
nutrient load F', the system is in a low phosphorous (oligotrophic) state, which
could be approximated by P ~ F'/s, but a sharp transition to an eutrophic state

9
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occurs when F' is increased, a change that may be difficult or even impossible
to reverse when decreasing /' again: the model presents hysteresis effects. At
large F' the eutrophic state can be approximated by P ~ (F' + r)/s. The main
variable in the model, the phosphorous concentration P(x,t), not a biotic, but
a chemical quantity. Nevertheless, since the dynamics described by the model,
lake eutrophication, clearly involves biological mechanisms, we will refer to the
system described by Eq. (1) as an ecosystem.

2.0

P/K

P/K

Figure 5: Spatial configurations from Eqs. (1) for parameters ¢ = 8, 7 = 1, and D = 107°
(without loss of generality, we can choose L = s = K = 1). Top: F' = 0.53 and no noise.
The two stable configurations are shown. Bottom: stochastic load, F' = F + £(x,t), with mean
F = 0.53, and ¢ a Gaussian white noise of zero mean and correlations (£ (z, t)¢(z/, ) = k26(z—
x")6(t — '), with noise intensity x = 1.6.

A spatially extended version such as the one in (1), which contains the diffu-
sive term, has been considered by van Nes and Scheffer (2005). A simple rescaling
analysis of Eq. (1) shows that increasing the diffusion coefficient D by a factor f
has the same effect as reducing system size L by a factor /2. The influence of

10
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noise has been also recently addressed (Guttal and Jayaprakash, 2006). Although
many sources of noise and variability may be present in lakes such as the ones
for which Eq. (1) was devised, we consider here fluctuations in the nutrient load
parameter ['. It is expected that larger aquatic systems receiving input from larger
basins will experience a less intermittent input than smaller ones and, in this sense,
changing the noise intensity is also a way of probing size and scale.

-
-

aoeds

Figure 6: Spatiotemporal representation of the evolution of system (1) under stochastic load, ob-
tained by computer simulation. Phosphorous concentration is coded by color shades, with clearer
tones corresponding to higher values. The initial condition is close to the oligotrophic state (dark
red). Parameter values are as in Fig. 5 (bottom), for which the fluctuating evolution tends to
approach the proximities of the eutrophic state (light orange). The existence of two preferred
alternative states is clearly observed. Domains close to the eutrophic one are nucleated and pro-
gressively spread, until filling the full system at long times (total displayed simulation time 600
time units (in units of s~1)).

Figure 5 (top) shows the two spatial configurations that can be attained, de-
pending on initial conditions, by the solution of the model (1) at long times for
constant input /' = 0.53. We have taken s, K, and L as the units of time, phospho-
rous concentrations, and space, so that without loss of generality s = K = L = 1.
The other parameter values are g = 8,7 = 1, and D = 10~°. The boundary condi-
tions used are P = 0 at x = 0 and « = L. This corresponds to a system receiving
input all along its spatial extent, and diffusively releasing phosphorous from the
two extremes. This is not a very realistic configuration for a lake but it is certainly

11
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more adequate than the periodic boundary conditions usually used in theoretical
studies. There are boundary layers of size proportional to D'/? close to each end
of the system. Outside of them phosphorous is constant, but there are two possi-
ble values of this constant at these parameter values chosen, a consequence of the
dynamic bistability characteristic of the model.

We now discuss the case of stochastic nutrient load. We take it to be ' =
F + &(x,t), where F is a mean input, and £(z,t) is a Gaussian white noise of
zero mean and correlations given by (£(x,t)é(2', 1)) = w26(x — 2')6(t — t).
Now, P(z,t) does not reach a steady state, but it is continuously fluctuating in
response to the stochastic input. Figure 5 (bottom) shows a representative instan-
taneous configuration in such state for the same parameter values as before, but
with stochastic load of mean F' = 0.53 and noise intensity x = 1.6. Although
changing and inhomogeneous, phosphorous concentrations remain close to the
eutrophic state nearly everywhere during most of the time. This high concentra-
tion is more resilient to noise than the oligotrophic one at these parameter values.

If starting with an initial condition close to the oligotrophic state, fluctuations
will drive a change of regime towards the eutrophic state. This is illustrated in
Fig. 6. After some initial waiting time, fluctuations create small areas occupied
by the eutrophic state which, because of its higher relative stability (Guttal and
Jayaprakash, 2006), spread into the system gradually replacing the oligotrophic
regions. Finally the whole system is in a noisy eutrophic state close to one existing
in the absence of noise. We emphasize that in the absence of noise (see Fig. 5, top)
or without spatial dependence the system is strongly bistable for these parameter
values. Noise is acting to decrease the width of the hysteresis loops. This will be
seen more clearly in Subsect. 2.2.

2.1.2 Observations at different scales

The whole process seen in Fig. 6 can be understood as an initial clear water
state, established perhaps after a long period of stable low mean values of nutrient
load, and a change of regime occurring after the mean load has risen to a higher
level. The transition between the initial and the final state can be observed at dif-
ferent spatial resolutions. To compare the diverse outcomes is one of the main
motivations for the present report. We illustrate them in Fig. 7. The top panel
shows phosphorous concentration averaged in a small spatial interval (which cor-
responds to a single lattice site in the computer simulation). The middle one shows
the average concentration in a region about six times larger, and finally the mean
concentration averaged over the whole system is shown in the bottom panel. The
top panel confirms what is seen in the spatiotemporal representation of Fig. 6: that
the regime shift is rather sharp at any spatial point in the system. The particular
time at which the regime jump occurs is different at different spatial locations, but

12
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Figure 7: Time evolution of phosphorous densities averaged in regions of different sizes (lengths
in units of system size L = 1) from the simulation in Figure 6: a) Density averaged in the small
interval [0.23,0.24], b) in the larger interval [0.20,0.26], c) density averaged over the whole system
[0,1].

all of them display a similar behavior. The discontinuous transition is however
blurred when averaging the density at larger scales. Finally, only a smooth growth
is seen when considering the average over the whole system.

The pattern described above is consistent with what is seen in the different
system displayed in Fig. 2, but there a second side effect of spatial averaging is of
importance: We observe in both Fig. 7 and Fig. 2 that fluctuations occurring on
top of the main dynamic feature in these time evolutions (a single jump in Fig. 7
and oscillatory behavior in Fig. 2) become also smaller when averaging at larger
sizes. This is the classical effect of averaging: it decreases noise. This has as
a consequence that the dynamic behavior of the spatial predator-prey model of
Fig. 2 is clearer in the middle panel than in any of the other observation scales.

13
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Averaging diffuses away the dynamic behavior but also cleans up the fluctuations
on top of it. Which of these effects is stronger, determining which spatial scale of
observation is more adequate to determine clean thresholds, would depend on the
particular system under consideration.

2.2 Dispersion and size effects

As indicated above, increasing the intensity of spatial dispersion, parameterized
in the diffusion coefficient D, is equivalent to reducing system size. Thus, explo-
ration of the effects of changing D is also a way of probing size and scale effects
in the model.

2.0 1
15F .

Q B — Homogeneous
o Lof g i
v L *xD=1le-5 ]
i E—8D=le-4 i

051 —oD=1le-3 ]

i ~—aD=le-2 i
oob— . .
0.0 0.2 0.4 0.6 0.8 1.0 1.2

Figure 8: Phosphorous concentration averaged over the whole system, for diffusion coefficients
D = 107°,1074,1072,1072 and in the absence of nutrient load noise. Hysteresis loops are
followed by first slowly increasing and then slowly decreasing F'. At each value of F' the system
response is let to equilibrate for 30 time units (units are s~ 1) before recording the corresponding
concentration average. The rest of the parameters as in Fig. 5. Solid line gives the steady solutions
of Eq. (1) in the absence of spatial dependence.

Figure 8 shows the phosphorous concentration averaged over the whole sys-
tem, obtained from computer simulation for several values of D, as a function of
the nutrient load /' (which is kept constant for 30 time units to obtain each sim-
ulation point). Solid line is the analytic steady state of Eq. (1) when the whole
system is assumed to be homogeneous (and thus the diffusion term is not present).

Bistability and hysteresis persist for all values of D, but there are quantitative
changes. For increasing diffusion the range of bistability and the jump size de-
crease. The decrease in the concentration values corresponding to the eutrophic

14
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state for large diffusion are particularly noticeable. A related observation is that
the hysteresis loop of the homogeneous system is approached when D decreases.
This is in contrast with many studies in which homogeneity is approached in the
opposite limit, that of very large diffusion D — oo. The explanation is in the
boundary conditions we use in the presence of diffusion: since we force P = 0
at the system ends, corresponding to diffusive escape of concentration, increasing
diffusion increases the escape and the homogenization in this case dilutes away
all the phosphorous. Thus, the D — oo leads in this case to P = (0 everywhere.
The tendency to lower values of P for larger D is seen in Fig. 8 for the curves
of largest D. In our case, the limit of a homogeneous but non-vanishing concen-
tration is approximated rather when D — 0 because, when the system is large
(equivalent to small D), most of its extent has concentration values determined
by the internal nonlinear dynamics and independent of the boundary conditions.
The effect of the boundaries just creates boundary layers at the system extremes
in which concentration rapidly decreases to zero (see Fig. 5). These layers be-
come smaller for smaller D and become unimportant when calculating system
average quantities when D — 0. This particular outcome is a consequence of the
particular boundary conditions used. Other prescriptions may lead to a different
behavior, but the message here is that size (or dispersion) matters, and that the
predictions obtained from models which do not take into account the spatial ex-
tent of an ecosystem nor their spatial inhomogeneities would only apply in some
special limit.

An analogous study but for the case of fluctuating F' is displayed in Fig. 9.
Here the mean value of the load, F, is ramped to trace the hysteresis loops. Now
the system does not settle in a steady state, but continuously fluctuates. Since,
at variance with the related study by Guttal and Jayaprakash (2006), our noise
term is unbounded, system state may explore virtually arbitrary configurations at
sufficiently long times. Thus, one should specify further how to characterize the
ensemble of visited configurations. The temporal mean of the spatial configura-
tion will be a sensible choice. But for most of the parameter values, and during the
time scale of our simulation, we do not observe particularly strong jumps between
states, being configurations (after waiting the 30 time units we let the system equi-
librate each time F is increased or decreased) nearly always of the type shown in
Fig. 5 (bottom), well characterized by its spatial average at a fixed point. The
exceptions are the configurations precisely at the ends of the hysteresis loops (as
is the case with the simulation in Fig. 6), where dynamics becomes slower and
more time is needed to reach the final fluctuating state. Even in these case we
prefer to display in Fig. 9 the spatially averaged concentration exactly 30 time
units after changing F, instead of some time average, since we believe that the
former represents better what would be measured in natural systems, where tak-
ing averages over times much longer than typical system scales is rarely feasible.

15
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The only consequence of this (we neglect deeper statistical mechanics consider-
ations (Sethna, 2006)) is that sharp but not discontinuous jumps between states
signal the limits of the hysteresis loops. We see that the main effects of D on the
global behavior are the same as in the absence of noise. The most visible differ-
ence, more noticeable at small D, is the reduction of the width of the hysteresis
loops. This is a common effect of noise also observed under other setups (Guttal
and Jayaprakash, 2006), and was commented already at the end of the previous
subsection.
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Figure 9: Same as Fig. 8, but with stochastic load: F fluctuates following a Gaussian white
noise process of mean F', which is varied to obtain the hysteresis loops, and fixed noise intensity
Kk = 1.6.

3 Aggregating preys in a predator-prey model

The second type of threshold changes under aggregation we discuss in this report
is the one arising in the description of a set of variables by a collective measure.
This appears in any attempt to simplify the description of a complex ecosystem, as
for example by grouping taxons onto trophic species (Cohen and Briand, 1984),
on functional groups (Hay, 1994; Steneck and Dethier, 1994), trophic levels (Arm-
strong, 1994), or demographic classes (Caswell and Hohn, 1992). In a different
context, the conversion of cell cycles into population cycles is a nontrivial process
which also arises when describing large ensembles of cells by its total biomass
(Pascual and Caswell, 1997).

16



THRESHOLDS DELIVERABLE D2.1.2
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Figure 10: One consumer of several primary producers and its simplification in terms of two
steps of a linear food chain

The structure of a real food web such as the one in Fig. 3 is very complex.
But one of the motifs that is repeated several times on it is that of a predator
feeding on several preys. Thus, as a basic model with which we can exemplify
threshold behavior under variable grouping we can consider one species feeding
on a number N of different preys (Fig. 10, left). We close this small subsystem
by assuming that the base species are primary producers, feeding on the same
resources, and that the predator is a top one only subjected to linear mortality.
Thus the primary producers interact competitively because of their coupling by
the common resources, and also because of the negative feedback produced by
the common consumer on all the producers when one of them grows. As the
simplest model describing this situation we have the following Volterra-type set
of N + 1 equations:

N
dxt = 1 (1 — E [x(—j> -9, 1=1,...,.N

7j=1
dz al
- =7 (2 €igiTi — d) 3)
x1, To, ..., T denote the biomasses of the primary producers and Z that of the

common consumer. {7;, g;, e;} are specific growth rates, predation factors and ef-
ficiencies, respectively, and K;; is a competition matrix describing the interactions
between producers. The diagonal elements K;; are the carrying capacities, 1.e., the
biomasses z; that would be supported by the environment in the absence of the

17
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other producers and of the consumer. The type of interactions among species, bi-
linear, is very simple and does not include any density dependence, saturation, or
similar effects. This choice, commonly taken in studies of this kind (May, 1972,
1973; Thingstad and Sakshaug, 1990; Chen and Cohen, 2001), greatly simplifies
analysis, and allows some analytic results to be obtained. It is however a strong
simplification, and it is known that even small changes in the interaction func-
tional form may have an impact on ecosystem stability (Gross et al., 2004). Thus,
the results we will show should be taken just as an example of threshold behavior
under aggregation, and not as generic properties of interacting ecosystems.
If there is only one prey species, the system (3) reduces to

dx x

7~ r(l-g)-e?

dz

= -7z — 4
. (egr — d) @)

There are three steady solutions, which are easy to obtain: a) x = 0,7 = 0 is
always linearly unstable if » > 0. b) Z = 0,2 = K, the solution in which the
consumer is absent, is linearly stable for large consumer mortality: d > eg/. c)
The solution in which the two species coexist:

d r d
Ty 2_5(1_69K>’ ©)

becomes positive and stable for smaller consumer mortality d < eg/K. The stable
steady solutions are depicted in Fig. 11 as a function of consumer mortality. This
system presents a threshold value for the predator mortality, dr = egK, above
which the predator becomes extinct. From the mathematical point of view, this
threshold arises as a transcritical bifurcation (in the terminology established in the
deliverable 2.1.1). We can analyze how this extinction threshold changes when
more primary producers are present in the system. The simplest case occurs when
all producers are equal:

dz; .z
dﬁ = rx; (1—2%)—9@2, Z:1,7N

4z al
il Z <Zegmi—d> . (6)

Here, closed equation for Z and X = ZZ]\LI x;, the aggregate variable giving
the total biomass of all producers are trivially obtained and identical to Egs. (4),
with the individual biomass x replaced by the total one X. Steady solutions are
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rig

dr=edkK

Figure 11: Biomass values at the stable fixed points of the model with one consumer (Z) and
one primary producer (x) as a function of consumer mortality d. The consumer becomes extinct
at a mortality threshold d = eg K.

thus also given by (5) under the same replacement and the threshold d; remains
unchanged.

If there are differences among the producers, then the situation becomes more
complex:

e First, the number of steady solutions rapidly increases: there are 2V*! — 1
of them in the system with N producers. Thus, there are 3 fixed points
when there is one producer, 7 when there are two, 15 when there are three,
etc. The different solutions correspond to having all the species extinct, all
extinct except xz;, with ¢ = 1, ..., N, then all extinct except two of the pro-
ducers or the consumer, ..., and so on until having the solution in which all
the species have a non-vanishing biomass. This last one, called the ‘interior’
solution is the most interesting one for a system with N producers since all
the others are already available in the system with less than N producers or
with no predator.

e Second, it is no longer possible to write a closed equation for the set of two
variables Z and X, but the dynamics remains dependent on the individual
biomasses ;. This means that trying to describe the system in terms just of
the aggregated variable X will lead to some indetermination, and that there
will be an increasingly large number of possible steady states (X, Z) for
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increasing N (although many of them will not be stable), corresponding to
the 2V — 1 different possible values of 1, xo, ..., Tx, Z.

e Third, for larger N there is also a larger number of model parameters. La-
belling this large set by just a small number of statistical descriptors (for
example the means of the growth rates 7 = > . 7;/N, of the efficiencies
€ =) .e;/N,etc.) introduces a severe loss of information.

Thus, one can try to describe the behavior of aggregated variables as a function
of average parameters, but all the information discarded in this reduced descrip-
tion will show up as stochasticity and noise in the functional relationships found.
Whether or not this noise will be large enough to make the description useless is
a question than can only be answered in particular cases. In our particular exam-
ple we will illustrate these effects by calculating the predator extinction threshold
dispersion in the case of two preys, and by evaluating the aggregated biomasses
in steady state.

3.1 Predator extinction thresholds with two preys

In the case of two producers and one consumer (N = 2) a convenient way to
parameterize system (3) is as follows: a) We choose the mean growth rate as
giving the unit of time, so that, without loss of generality, r; = 1 +a, 5 = 1 — a.
b) We measure the producers biomasses x; and s in units of their respective
carrying capacities. Thus, in these units, K1; = K9 = 1. ¢) Finally, we choose
Z units so that g = 1+  and go = 1 — 5. We also write e;9; = ¢g(1 + ) and
eaga = g(1 — 7). After these elections, system (3) can be written as

% — 5 (l+a—(1+8)2Z -z —(1+e)r2)

d

% = n(l-a—(1-08)Z —xs— (14 €)x1)

dz

- = Z(=d+g(1+7)z1+g(1 —7)z2) ™

In this notation, the average parameters (A; + By)/2, with A; = r;, Ky, g5,
are 1, and the average of e;g; 1s g. The case of identical prey, so that they are in
fact a single species, corresponds to @ = 3 = 7 = €; = € = 0, being g and the
predator mortality d the remaining free parameters. The steady stable biomasses
for Z and the aggregated prey X are, in this case, X = d/g, Z = 1 — d/g if the
mortality d is smaller than dr = g, and Z = 0, X = 1 otherwise.

For nonidentical preys, there are seven steady state solutions which experience
diverse bifurcations so that the exact threshold dr at which predator disappear
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Figure 12: Histogram of predator extinction thresholds. It has been obtained by evaluating
Eq. (9) for 10* small random values of the parameters (o, 3,7, €1, €2). The first three have been
drawn from a uniform distribution in [0.00, 0.05], and the last two from a uniform distribution in
[—0.10, —0.05].

depends in a complicated way on the stability of the different solutions and on
the particular values of all the remaining parameters. As a possible representative
value of such threshold, we can calculate the value of d at which the ‘interior’
solution ceases to be positive. This can be done by calculating the biomasses
corresponding to that solution, which for the predator reads

d(er + €2 + €162) + g ((a + Dea(y — 1) + 4oy + (o — Der(y + 1))

Z = , (8)
g((B+ ey —1)+48y + (B8 — Der(y + 1))
and finding the value of d, d, above which Z becomes negative:
dr _ —doay+ (1 —a)(l+y)ea+(1+a)l—7)e ©)

g €1+ €5+ €169

Since the only parameters remaining in the case of one prey, or in the case in
which all preys are identical, are d and g, the right hand side of the above expres-
sion represents the variability in the extinction threshold arising from producer
differences that keep the average parameters constant. We show in Fig. 12 an
example of the impact of this variability. An histogram of values of dr/g has
been collected by evaluating the expression (9) for 10000 small random values of
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the parameters. Without loss of generality, only positive values need to be drawn
for «, # and . For the competition parameters ¢, €, we sample negative values
in order to favor coexistence of the competing preys (intraspecific competition
coefficients K;;! = 1 larger than the interspecific ones 1 + ¢ 5).

We wee that there is a dispersion in the value of the thresholds obtained. More
important, the distribution is not centered in the value (dr/g = 1) that would cor-
respond to the description in terms of the aggregated variable X with the average
value of the parameters. Both effects, however, are small, as corresponding to the
rather small differences between the two preys used to generate the histogram in
Fig. 12. But we should remind that the calculated mortality threshold refers to
just one of the system solutions, not necessarily the one giving the true predator
extinction threshold. The stability of the ‘interior’ and ‘noninterior’ (the ones on
which some of the prey species is absent) steady solutions needs to be evaluated
to fully describe the threshold behavior in our model. We discuss this in the next
section, and show that, certainly, the effects of the additional species are much
more important that the ones found in this section which has considered just one
of the particular solutions.

3.2 Numerical evaluation of steady states

In the previous section we calculated analytically the mortality above which the
steady solution of system (3) in which all species are present (the ‘interior so-
lution’) is no longer positive. It may happen that other solutions are stable at
these mortality values, and then become relevant to determine the threshold. As
a global way to describe system behavior, we perform computer simulations of
(3) for randomly generated parameter sets sample values of {r;} and of the non-
diagonal entries of { K;;} from uniform distributions with mean value 1 and range
5 x 1073, The diagonal entries {K;} are fixed to 1, so that the expected values
of 3,ri/N = T and of ). Ki;/N* = K are both unity (this can be fixed by
choice of the units of time and biomass without loss of generality). Mean values
g and € are randomly chosen in [0, 1] and [0, 0.5], respectively, and then values of
{gi}, {e;} are generated from uniform distributions with these means and range
5 x 1073, One value of d is also randomly generated in [0, 1] to complete each
parameter set. Initial conditions for all the variables are randomly assigned in
[0, 1].

Figure 13 shows, for N = 2, examples of the time evolution of the consumer
biomass Z and of the aggregated producer biomass X = x; + x5 for different
parameter sets, showing a great variety of final steady outcomes. Figure 14 shows
Z = Z(t) for N = 3. We now collect the final constant values of Z and X
obtained from each parameter set (we generated 500 of them) and plot them in
terms of the average parameters g and e (7 = K =1)and of d (Figs. 15 and 16).
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Figure 13: Time evolutions of consumer (Z) and the aggregated producer biomasses (X) from
model (3) with NV = 2 for several randomly drawn parameter sets.

Despite the small variability of the prey parameters around their mean values, a
considerable dispersion of the outcomes occurs around the values obtained when
preys are identical (solid line). More importantly, simulations for many parameter
sets, including some with relatively small consumer mortality, end up in a state
with Z = 0 and gX /7 = 1, both for N = 2 and N = 3. This means that the
presence of several coexisting prey species destabilizes the predator and facilitates
its extinction for mortalities much smaller than for the 1-prey case.

As an additional effect of the increased number of species and of the variable
reduction, we note that data in Figs. 15 and 16 no longer show a sharp predator
mortality threshold: it has become blurred. Extinction can occur in a rater wide
mortality range, depending of the particular values taken by the rest of parameters.
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Figure 14: Time evolutions of the consumer (Z) biomass (X) from model (3) with N = 3 for
several randomly drawn parameter sets.

4 Conclusions
We now summarize our main findings.

e The spatial extension of ecosystems leads unavoidably to the possibility of
inhomogeneities. When they are present, observation of a given ecosys-
tem at different scales reveals different patterns. It is a rather general phe-
nomenon that the spatial averaging arising when observation is done at large
scales smooths out the system temporal behavior. As an immediate conse-
quence, jumps, bifurcations, and other threshold phenomena may become
blurred or even disappear if observed at a too coarse scale. We recover the
conclusion in van Nes and Scheffer (2005) stating that large-scale obser-
vation of catastrophic regime shifts will be restricted to systems that are
relatively homogeneous.

e In addition to smoothing out discontinuities and jumps, the averaging pro-
cess involved in large-scale descriptions has a more obvious consequence:
noise reduction. Noise filtering may have the effect of revealing determin-
istic patterns that are otherwise hidden inside stochastic fluctuations. The
precise outcome of the interplay between these two complementary effects
of coarse-graining — blurring of dynamic features and noise clean up — will
depend on peculiarities of each system. In the Carpenter et al. (1999) model
case shown in Fig. 7, the clearest nonlinear behavior is seen at the smallest
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Figure 15: Steady state values of the consumer (Z) biomass and of the aggregated producer
biomass (X) from model (3) with N = 2 for 500 randomly drawn parameter sets, plotted as a
function of the average parameters. Solid line is the analytic result for identical preys.

scales (top plot), whereas in the predator-prey model shown Fig. 2 (Pas-
cual and Levin, 1999) dynamics is better appreciated at intermediate scales
(middle plot).

e A different aspect of scale that becomes important in spatially extended
ecosystems is system size, and also the precise nature of the conditions
affecting the system endpoints. Examples of these effects were shown in
Sect. 2.2, together with its interplay with diffusion and noise. It is not
easy to extract conclusions valid beyond the scope of the particular model
used. One of the observations which seem to be generally valid is the re-
duction of hysteresis width with increasing noise, in agreement with Guttal
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Figure 16: Steady state values of the consumer (Z) biomass from model (3) with N = 3 for 500
randomly drawn parameter sets, plotted as a function of the average parameters. Solid line is the
analytic result for identical preys.

and Jayaprakash (2006).

Aggregation of variables into quantities characterizing classes or groups in-
troduces stochasticity in the description, both because fixing the conditions
on the coarse variables leaves still undetermined, to a large extent, the finer
variables, and because the use of averaged parameter values is usually not
enough to fully determine the system fate.

In the very simple model analyzed in Sect. 3 the impact of this stochas-
ticity is rather strong: the presence of a threshold for consumer extinction
becomes blurred and outcomes rather far from what is expected from a re-
duced description in terms of average parameters occur. The main origin of
the strong effects is in the availability of a large number of new solutions
when there are more variables, rather than on the modification of particular
solutions (which was the case studied in Subsect. 3.1)

The above conclusions summarize the results obtained in the study of aggre-
gation in some particular ecosystem models. Much additional work is needed to
find regularities and additional rules that could be of general use when discussing
threshold phenomena in ecosystems. Spatial and variable aggregation remain an
important topic to consider when modelling and predicting the behavior of com-

plex ecosystems at different scales.
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